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A CHARACTERIZATION OF STARSHAPED SUBSETS
OF 2−MANIFOLDS WITHOUT CONJUGATE POINTS
S. SHENAWY
Abstract. LetWn be the class of C∞ complete simply connected
n−dimensional manifolds without conjugate points. The hyper-
bolic space as well as manifolds with non-positive curvature are
good examples of such manifolds. Let W ∈ W2 and let A be a
compact subset of W . A is starshaped if and only if the intersec-
tion of the stars of the extreme points of A is not empty and for
every point x /∈ A, there is a geodesic ray with x as vertex having
nonempty intersection with A. Some related results are given.
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1. An Introduction
Manifolds without conjugate points as well as manifolds without fo-
cal points are natural generalizations of manifolds with non-positive
curvature[6, 10]. In [13] the author characterized the three types of
manifolds in terms of Jacobi fields. In [11] the author show that there
exist manifolds with sectional curvatures of both signs but without
conjugate points. The study of manifolds with non-positive curvature
is more fruitful than manifolds without conjugate points. The reason
is perhaps the convexity of some objects, such as geodesic spheres, due
to the absence of focal points in manifolds with non-positive curvature.
We refer to [5, 6, 7, 8, 9, 11, 13] for more details and examples of these
manifolds.
Three concepts of convex sets are introduced to complete Riemannian
manifolds in [1]. The three concepts coincide in complete simply con-
nected Riemannian manifolds without conjugate points since geodesics
of these manifolds are global minimizers as shown in the next section.
Convexity, starshapedness and some related geometric concepts were
studied in these complete manifolds without conjugate points by many
authors[2, 3, 4, 12]. The aim of this short paper is to characterize com-
pact starshaped sets in manifolds without conjugate points, namely,
we prove the following result:
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Let A be a compact subset of a manifold without conjugate points.
A is starshaped if and only if the intersection of the stars of A at the
extreme points are not empty and for every x /∈ A there is a geodesic
ray with x as vertex having non-empty intersection with A.
2. Preliminaries
Let us give some notation and background. Let M be a C∞ com-
plete Riemannian manifold. A vector field J along a smooth curve
α : R → M is called a Jacobi vector field if D2TJ + ℜ (T, J)T = 0,
where T is the tangent vector field of α, D is the Levi-Civita connec-
tion and ℜ is the curvature tensor. Two points on a geodesic α are said
to be conjugate to each other if there is a Jacobi vector field along α
that vanishes at both of them. A geodesic α has no conjugate points
if every Jacobi field along α vanishes at most once. A C∞ complete
Riemannian manifold M is called a manifold without conjugate points
if every geodesic of M has no conjugate points. In this case, the expo-
nential map expp : TpM →M is a covering map at every point p ∈M .
Moreover, if M is simply connected, then expp is a diffeomorphism
and M has the property that for every two distinct points p and q in
M , there is a unique geodesic joining them. Let Wn be the class of
C∞ complete simply connected n−dimensional Riemannian manifolds
without conjugate points. The hyperbolic space, the Euclidean space
and all manifolds with non-positive curvature are good examples of
such manifolds.
Let W ∈ Wn and let A be a non-empty subset of W . The geodesic
segment joining two points p and q is denoted by [pq]. If p is removed
we write (pq]. The geodesic ray with vertex at p and passing through
q is denoted by R (pq) while the geodesic passing through p and q is
denoted by G (pq). We say that p sees q via A if [pq] ⊂ A. The set
of all points of A that p sees via A is called the star of A at p and
is denoted by Ap, i.e., Ap = {x ∈ A : [px] ⊂ A} A is starshaped set if
there is a point p ∈ A that sees every point in A i.e. Ap = A. The set
of all such points p is called the kernel of A and is denoted by kerA.
A is convex if kerA = A. For n = 2, M. Beltagy proved that kerA is
convex[4]. A point p ∈ A is called an extreme point of A if p is not
a relative interior point of any segment in A. The set of all extreme
points of A is denoted by E (A). Note that the definition of extreme
points is introduced here to a non-convex set so it is somewhat different
form the classical one.
3. Results
We begin with the following important lemmas.
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Lemma 1. Let W ∈ Wn and let A be a closed subset of W . If a and b
are points of A and [ab] * A, then there are two points x, y ∈ ∂A∩ [ab]
such that (xy) ∩ A = ϕ.
Lemma 2. Let W ∈ Wn and let A be a compact subset of W . Then
A has at least one extreme point.
Proof. Let p be in W\A. Define the real-valued continuous function
f on A by f (x) = d (p, x) , x ∈ A. Since A is compact, f attains its
maximum value at a point y ∈ A. Thus A is a subset of the closed disc
B (p, r) with centre at p and radius r = d (p, y) defined by
B (p, r) = {x ∈ W : d (p, x) ≤ r}
The point y is an extreme point of A since any geodesic segment con-
taining p in its relative interior cuts the exterior of A. 
Theorem 1. Let W ∈ W2 and let A be a compact starshaped subset
of W . Then
kerA =
⋂
x∈E(A)
Ax
Proof. Let B =
⋂
x∈E(A)
Ax. By the definition of the kernel of a star-
shaped set we have
kerA =
⋂
x∈A
Ax ⊂
⋂
x∈E(A)
Ax = B
So, we need only to show that B ⊂ A. Let x ∈ B\ kerA. Then there
is a point y ∈ A such that [xy] * A. by Lemma 1, we find two points
x, y in ∂A∩ [xy] such that (x y)∩A = ϕ. Let z ∈ kerA, then z sees y
via A and hence R (zy) ∩ A is a closed geodesic segment. Let q ∈ ∂A
such that R (zy)∩A = [zq]. suppose that q 6= y. Since xǫE (A), q sees
x via A. Then z sees the geodesic segment [xq] via A and consequently
z sees [xy] via A which is a contradiction and q is not an extreme point
i.e. there is a geodesic segment [ab] ⊂ A such that p ∈ (ab). It is clear
from the choice of q that (ab) * R (zy). Since z ∈ kerA, z sees (ab)
via A. Thus we get two points a = [za] ∩ [xy] and b = [zb] ∩ [xy] such
that y ∈
[
ab
]
which contradicts the choice of y. So, q = y. y is not an
extreme point otherwise y sees x. Therefore, we get a geodesic segment
[rs] such that y ∈ (rs) ⊂ A. The geodesic G (rs) separates the points
x and z otherwise, as we do above, z sees (rs) via A and we get a point
r = [zr] ∩ [xy] ∈ A that contradicts the choice of y. Let H1 be the
closed half space generated by G (xy) that does not contain z and let
H2 be the half space generated by G (zy) that does not contain x. Let
D = A ∩H1 ∩ H2. D has a non-empty intersection with the geodesic
segment (rs) i.e. D has points close to y. Since D is compact, D has
an extreme point p ∈ ∂D by Lemma 2. The boundary points of D are
either boundary points of A or points of G (xy). Thus p is an extreme
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point of A i.e. p sees x via A. Since z ∈ kerA, z sees the geodesic
segment [px] via A and consequently [xy] ⊂ A which is a contradiction
and the point x does not exist. 
Theorem 2. Let W ∈ W2 and let A be a compact subset of W . Sup-
pose that B =
⋂
x∈E(A)
Ax 6= ϕ. Then kerA = B if and only if for every
x /∈ A, there is a geodesic ray with vertex at x having a non-empty
intersection with A.
Proof. Suppose that kerA 6= B i.e. B * kerA. Let y ∈ B\ kerA.
Thus there is a point z ∈ A such that [yz] * A. Then by Lemma 1,
there are two pints y and z in ∂A ∩ [yz] such that (y z) ∩ A = ϕ. Let
p ∈ (y z) then we get a point p /∈ A such that the geodesic ray R (pp)
has a non-empty intersection with A. Rotate the ray R (pp) to touch
∂A such that p is fixed and the angle between [pp] and [pz] decreases.
The intersection of the new geodesic ray and A has an extreme point
x of A. Thus y sees x via A and [xy] cuts the geodesic ray R (pp) in
a point a which is a contradiction otherwise a ∈ [yx] which is also a
contradiction. Thus kerA = B.
To prove the second implication, let p /∈ A and q ∈ kerA. Con-
sider the geodesic ray R (qp) passing through p. The geodesic ray
R (qp) \ [qp) has a non-empty intersection with A otherwise q /∈ kerA.

Corollary 1. Let W ∈ W2 and let A be a compact subset of W . Then
A is starshaped if and only if
⋂
x∈E(A)
Ax 6= ϕ and for every x /∈ A, there
is a geodesic ray with vertex at x having a non-empty intersection with
A. Moreover, kerA =
⋂
x∈E(A)
Ax.
4. Conclusion
It is clear that the convex kernel of a starshaped set A ⊂ W , W ∈
W2, is the intersection of stars of all points of A. In this work, it is
proven that, for a compact starshaped set, the convex kernel is the
intersection of stars of extreme points only. Moreover, the original
starshaped condition is replaced by a more general condition where the
intersection of the stars of certain extreme points is not empty. Thus
we get a characterization of starshaped sets in 2−dimension manifolds
without conjugate points. For n ≥ 3, it is much more difficult to prove
a similar result. Also, as far as I know, there is no proof of the convexity
of the kernel of starshaped sets. So, it remains as an open problem for
future consideration.
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